
Fourier Analysis 02-4

Review
.

( Mean square convergence theorem) ,

bet f C- Be
.

Then

Cal lying H f - Snf 11=0
.

(b) Parseval identity
co

11 FIT = I #nil?
n=-w

Example 't . Let fox) = loot on E- IT
,
-111

.

By a direct calculation, we have

iGn -Dx
fan NII - II.a e

on Exit?

check : Hfll! #fit lx5dx= # So"xHx=¥ =

By Parsevalindentity ,
= t E.IT#enT.5a=ITtsEiEnznfiF

⇒ Ei a
= - IT )/c%y = TIT .



Thmz . ( Riemann - Lebesgue lemma )
Let f- ER .

Then

Fcn) → o as t.nl → to .

In particular

£! fcxicosnxdx , fan - sinnxdx

converge to 0 as ht to
.

Pf . ⇐offal- = Hft's is

Hence far ) → o as Int → to .

f.I" fcxscosnxdx = £" fu , ein×te×d×
= IT- ( fhcnltfc-ni) → o as Into

similarly fit fan . sinnxdx → o as Into

the .



Prop 's .

Let f. 9 ER
.

Then

< f. g > = ⇐ is
Knight

.

Pf . It is direct to check that

sf.gi-fflftgli-hf-glftiftiglf-illf-ig.lt/bEesevaliqfE.is#itIcmf-lf7n-gcnsTtilfcni-igcnsT

= Itis An,gTj
.

- ilfthtigcnyy
ITH



§ 3.4 A local convergence theorem .

-1hm 4
.
Let f- ER . Suppose f is differentiable
at xo

.

Then things Sixfcxo , = fcxol .

Pf . Recall that

Siyfcxo ) - f # DµCxo) , where Da, = nine ""

=
Sin (Ntt) x

= ⇐ fit
,
fcxo -DDµG1dyT€n¥n

fcxo) = ITT fi fcxo) DNG) dy
Hence

Snifcxo) - fcxo ) - Fifa
"

#exo-y) - fan) . Droddy

Define Foy ) = { £×"D-yf if ye EFFI, y#o
f-
'

exo) if 9=0
.

Then F is unif . bold on the circle .

,
and almostall Cts

.

Hence FE R .



Then

£! ffcxo - y) - fcxo ) ) Daily) dy
= f! Fly) . y . Daily ) dy

= f.Ii
' ftp.y.sinkttz#dy

sin I

Notice that

ftp.y-sinlntt#=fcyg.y.sinNtcosN9-inI
sink sink

i = f , G )
= (FCB 's,¥nq . cos E) sin Ny
+ (fast . g.) cos Ny

i = fzlb)

Both Fi
,
Fs E 92

.

Hence Snf exo ) - fcxo ) = IT fit Ffs ) Sin Ny
+ Fey ) cos my dy

→ o as N→ co .

#



Corollary 5 .

Let f , GE 72
.

Assume

f-Cx) = Gex, for x C- (Xo - e, Kot E )

for some Xo and E > o
.

Then Sniff Snigcxo ) → o as N → to
.

In particular, Snfexo) converges to fcxo )
iff SN gcxo) converges to gaol .

Pf . Let f-Cx ) = fan - gas .

Then F E R
,
and Fall = o on Xt (Xo-e, xots)

Hence F is drift at Xo .

So by Thin 4
,

Sai fcxo ) → Fao) - o as N→ to.

However
,
Sn fcxo) = Shifa.) - SN gcxo), hence

Snf exo ) - Su gcxo ) → o as N→ too.

I

The above fact was found by Riemann
,
it is also

called the localization principle of Riemann .
It is remarkable 1
my

• .



-1hm 6 ( Dirichlet - Dini Criterion )
Let f- ER . Suppose I UEIR such that

coin. condition, Jo
"

/ f""Htf" - u/dy1 sis .

Then SN fcxo ) → U as N→ to .

Pf
.
Notice

Snf exo ) = IT £! fcxo-y) . Daily ) dy

= ¥1! fcxoty) Duty ) dy
= IT, f -I

"

fcxoty) DNG) dy

= ¥, fat fcxo-YI-zfcxo.lt#pmcyjdy
U = IT f- It' u DNG ) dy

Hence

Safeco, -u = Tif ¥Mtfku)Dµ oy



fcxo-y) tfcxoty )
Write Fcytg
# - U )/y if y # o

o if y=o

Then fo
"

IF II dy so .

Hence

Snifcxo ) - U = # f,
" ftp.y.sinCNtt# dy

sink
= IT Fast .fi#.cosEsinNy
wutfusty cos Ny dy
mm

→ o by Riemann - Lebesgue Lemma .

Ah



Corollary 7 . Suppose f- ER
.

Assume f is d- Holder continuous at Xo

for some a> o .

That is
,
I a constant C > o

such that

*) ( fcxoty) - fcxo ) / f C. 19M for all y
.

Then Jo
"

/faotYHf{" - fan , I dyI< b
In particular , Snifcxo) → fcxo ) as N → too

.

Pf . By *I ,

I H
- fan , Is c. told

But fo
"

c.ytfdy = CLI fo" -_ CITY so.

Hence fo" 1fHotDtfu - fcxosldg
e fo

"

c . YI dy so -

EH
.


